This paper presents an analysis of an original structure of induction heater using superconducting coils. With the proposed structure, two operating modes are possible to heat the aluminum billet. Either the billet is at standstill and placed within a strong rotating magnetic field (around 3.5 T) of low frequency (around 1 Hz), or the billet rotates at low angular speed (around 6 rad/s) within a strong dc magnetic field (around 3.5 T). The analysis is based on the analytical solution of two-dimensional diffusion equations for the magnetic vector potential. A closed-form expression is derived for the eddy-current power loss in the billet. This analytical expression can be used as a tool for design optimization of the induction heater. The analytical results are compared with those obtained by finite-element software. The study of the temperature field in the billet shows that a homogeneous temperature profile is obtained when a strong magnetic field of low frequency (rotating speed or ac current pulsation) is used.
Induction Heating of Aluminum Billets Subjected to a Strong Rotating

I. INTRODUCTION
I
NDUCTION heating is used in industrial processes for any applications where it is needed to heat an electrical conductive material in an efficient and controlled manner. A particular application concerns the press-forming process of aluminum billets. The billet is preheated at a temperature of about 500 C before it is placed into the forming press. It is important to reach a temperature distribution as uniform as possible in the billet for the quality of the forming process [1] . In a conventional induction heater, the aluminum billet is axially placed within a water-cooled copper coil supplied by an alternating current with a frequency of 50 Hz. The efficiency of this type of induction heater for a rated power of about 1 MW is only around 50%.
In order to improve the efficiency, Runde and Magnusson [2] - [4] have studied and designed a new type of induction heater (10 kW) by replacing the conventional copper coil by high-temperature superconducting (HTS) coil excited with 50/60 Hz alternating current. However, because of the ac losses in HTS coil, the efficiency obtained with the small-scale demonstrator does not exceed 60%. More recently, in the setting of a European project called ALUHEAT, a new induction heater design (200 kW) with superconducting coils has been proposed [5] , [6] . The aluminum billet rotates at 3000 rpm in a static magnetic field generated by superconducting coil fed by dc current. The rotation causes the circulation of induced current in the billet and produces heat by the Joule effect. The billet is driven by an electrical machine and the efficiency can reach 90%, which is the efficiency of an electrical motor. The analysis of eddy-current power losses distribution in the rotating billet has been studied in [5] by using simple electrical circuit method or finite-element software. The cryogenic design of the ALUHEAT project is developed in [7] . The temperature distribution in aluminum billets heated by rotation in static magnetic field has been studied by [8] . A numerical model based on an equivalent electric network has been developed. Results obtained for an aluminum billet rotating at angular velocities of 3000 rpm and 1500 rpm in a static magnetic field of 0.5 T have shown a strong temperature gradient in the radial direction.
In this paper, we propose an analysis of an original structure for induction heating of aluminum billet using superconducting coils. This structure allows to obtain a homogeneous temperature profile in the billet. The description of the studied induction heater is given in Section II. An analytical model is then developed in Sections III and IV for determining the eddy-current density and power loss density in the aluminum billet. Simplified expressions for large skin depth are then provided. Finally, the temperature profile in the billet is obtained with two-dimensional finite-element software (COMSOL).
II. DESCRIPTION OF THE INDUCTION HEATER
Figs. 1 and 2 show respectively the cross section of the two poles and four poles configuration for the induction heater studied in this paper. The induction heater consists of two-phase superconducting windings (the windings are named A and B) placed at right angle to each other around the cryostat. The winding schemes for two poles and four poles configuration are given in Figs. 3 and 4 . The aluminum billet to be heated is placed inside the warm hole of the cryostat. The main parameters of the induction heater are given in Table I . The geometrical parameters have been chosen arbitrarily in order to verify the analytical model developed in the paper.
Two operating modes are possible to heat the billet. In the first one, the billet is at standstill and is subject to a strong rotating magnetic field (around 3.5 T) of low frequency (around 1 Hz) which induces current in it. To obtain a rotating magnetic field, the superconducting windings must be fed by alternating currents with a phase shifted by 90 . The rotating magnetic field rotates at an angular velocity related to the electrical current frequency and the number of pole pairs of the winding configuration. In the second operating mode, the aluminum billet rotates at low angular speed (around 6 rad/s) within a strong dc magnetic field (around 3. it. To generate a static magnetic field, only one superconducting winding (winding A or winding B) has to be fed by a dc current. The use of low frequencies for the rotating magnetic field or for the billet angular speed allows obtaining a large skin depth and therefore a homogeneous temperature in the billet. In a physical viewpoint, these two operating modes are equivalent for the same field amplitude and taking approximately the first space harmonics of the current distribution. It will be shown further in the paper that the equations governing the induced current are the same in the two cases. 
III. EQUIVALENT CURRENT SHEET
The model of the induction heater used for analysis is shown in Fig. 5 . We consider a solid conducting cylinder (aluminum billet) that has a radius and an infinite axial length. The cylinder can rotate around the axis with a constant angular velocity . For the analysis, it is assumed that the current flowing in the superconducting windings is replaced by a current sheet of radius and infinite axial length [9] . This current sheet is chosen to carry exactly the same current as the original windings. For the analysis, only the fundamental component of the current sheet in space will be considered (1) where is the peak value of the fundamental term of the current sheet in (A/m) and is the number of poles pairs.
For engineering purpose, it is important to have a relation between the current density flowing through the superconducting winding and the peak value of the current sheet defined in (1) . The winding distribution (winding B) and its current sheet approximation for the two poles induction heater configuration are shown in Fig. 6 . The winding B is excited with a dc current density . The electrical current flowing through the winding B is given by (2) The corresponding value of the current sheet in A/m is then
The current sheet distribution versus circular angle is shown in Fig. 7 . Its Fourier series expansion is (4) By using only the fundamental term of the Fourier series expansion (4), we obtain a simple relation between and (5) The magnetic flux lines distribution obtained for the winding B excited with a dc current density A/mm and the conducting cylinder at standstill is given in Fig. 8 . The one obtained with the current sheet excitation with A/m (which is calculated using (5)) is given in Fig. 9 . It can be observed that the magnetic flux line distributions are almost the same in the region of the conducting cylinder. The corresponding magnetic flux density amplitudes at the circular lines cm and cm are shown in Fig. 10 . As it is known, we can observe that the magnetic flux density generated by the two poles current sheet excitation is homogeneous inside the current sheet cylinder and its expression is (6) On the other hand, the magnetic flux density generated by the winding B shows some variations around a mean value of about 3.5 T. The error introduced when using the fundamental term of an approximate current sheet excitation is relatively small especially for weak value of the coordinate. For the circular line cm, the difference is inferior to 5%. As the cylinder to be heated must be distant from the superconducting winding for thermal insulation reasons, calculations that follow (eddy currents inside the cylinder) will be precise. For the four poles induction heater configuration, the Fourier series expansion of the current sheet distribution and its funda- 
IV. MAGNETIC FIELD AND EDDY-CURRENT ANALYSIS
A general multiregion problem is analyzed. The whole space is divided into three regions as shown in Fig. 11 . Region 1 corresponds to the conducting cylinder, region 2 to the space between the conducting cylinder and the current sheet and region 3 to the space outside the current sheet. As the configuration is circular, the cylindrical coordinate will be used. Because the conducting cylinder and the current sheet are considered infinitely long in the direction, all magnetic quantities become independent of . The problem is to determine the eddy currents in the cylinder and their corresponding power loss.
The magnetic problem is solved in the general case with rotating cylinder and sinusoidal excitation of the windings A and B. To obtain a rotating field, the windings must be fed by alternating currents with a phase shifted by 90 . The equivalent current sheet expression is then (9) where is the electrical frequency of the ac current.
A. Diffusion Equation
The frequency of the source current is low, so the displacement current is assumed to be neglected and the Maxwell's equations are expressed as (10) This system of equations is coupled with relations associated to material properties (11) The term represents the linear velocity of the conductor material.
The magnetic vector potential is defined by (12) Using (10), (11) and (12), we obtain the magnetic diffusion equation which takes into account the movement of the cylinder (13) The magnetic vector potential has an unique component in the z direction, then (13) becomes in 2-D cylindrical coordinates (14)
B. Magnetic Vector Potential Expression
According to the form of the current sheet excitation (9), it is assumed that the solution of the magnetic vector potential in all space is given by [10] (15)
Since the magnetic vector potential is varying sinusoidally in space and time, it is convenient to use the complex notation By solving (17), we obtain a solution for each region. Magnetic vector potential in each region will be indicated by the suffixes 1, 2, and 3.
In the conducting cylinder (Region 1), the general solution of (17) can readily be determined by classical analytical methods [11] 
The constants , and can be determined from the interface conditions between the different regions. The interface conditions are as follows:
Thus, we obtain a system of four linear equations which allow to determine the expressions of the constants , and . The expression of the magnetic vector potential in region 1 is then (24) where is the Bessel function of the first kind and order .
C. Eddy-Current Expression
The induced current density in the cylinder can be obtained from the following equation: 
D. Eddy-Current Power Loss Expression
The eddy-current power loss density is given by (28)
The average eddy-current power loss in the cylinder can be evaluated by integrating the power loss density over the volume of the cylinder (29) where is the axial length of the cylinder.
Substituting (24) and (26) into (27) and then (27) into (29), we obtain the following analytical expression for the average power loss in the cylinder for a poles configuration:
with Expression (30) can be simplified in the case of low difference between electrical frequency and angular electrical speed when [11] (31) With this assumption, the impact of eddy-currents magnetic field on themselves is neglected. Using limited series expansion of Bessel functions, one can find a simplified expression of (30). In the case of two and four poles configuration, we obtain (32) (33) The average power losses are then a quadratic function of the frequency. These analytical expressions can be used as a tool for design optimization of the induction heater.
V. RESULTS VERIFICATION
A. Eddy-Current Density
The results are given for the conducting cylinder rotating in a dc magnetic field . This operating mode is more interesting for superconducting coils which present no loss when they are fed by dc current (this is not the case with ac current). However, this operating mode is technically more complicated.
Figs. 12 and 13 show the magnetic flux lines distribution obtained by the finite-element method (FEM) when the winding B is fed by a dc current density A/mm and the conducting cylinder rotating respectively at an angular speed of rad/s and rad/s. The corresponding eddy-current density distributions inside the cylinder are given in Figs. 14 and 15. We can observe that the results obtained with the analytical method (current sheet method) match well with those obtained by FEM (with real winding distribution).
The contour plots of the magnetic flux amplitude for the four poles configuration and the corresponding eddy-current distributions are given from Figs. 16-19 . Table II gives the values of the average power losses in the cylinder for the two operating modes (rotating cylinder and rotating field) in the same conditions of current density amplitude and frequency. These results have been obtained with the analytical expression (30) and with the FEM (Comsol). One can observe that approximately the same results are obtained for the two operating modes with the same values of the current density (amplitude) in the windings and with the same frequency/speed. These results confirm that taking approximately the first space harmonic for the current distribution is a good approximation for the analysis of the two operating modes.
B. Eddy-Current Losses
The average power loss in the cylinder obtained for various values of the rotation speed and for the winding B excited by a dc current density A/mm is given in Fig. 20 . The for the two poles configuration than for the four poles configuration for the same condition of the current density in the superconducting winding. Fig. 21 , obtained with the analytical formula (30), shows the influence of the number of pole pairs on the eddy-current power loss for rad/s and A/mm . The eddy-current power loss decreases very rapidly with the number of pole pairs. The two poles induction heater configuration is the best one in terms of heat power transfer.
C. Influence of the Number of Pole Pairs
D. Influence of the Distance Between the Superconducting Windings and the Conducting Cylinder
It is also interesting to study the influence of the ratio on the eddy-current power loss (the other parameters are maintained constant) to show the influence of the distance between the superconducting windings and the conducting cylinder. A certain distance is necessary to place the superconducting windings inside the cryostat and to place a thermal insulation between the cylinder to be heated and the cryostat. It can be shown in (30) and in Fig. 22 (obtained with analytical formula) that the power losses are independent of for the two poles induction heater configuration . In this particular case, it is known that the flux density developed by the current sheet is independent of and therefore the average power losses too. For a number of pole pairs greater than 1, the eddy-current power loss decreases when the distance between the superconducting winding and the conducting cylinder increases.
VI. TEMPERATURE FIELD ANALYSIS
The temperature field inside the cylinder can be described in a stationary coordinate system by the transient heat transfer equation which takes into account the movement of the cylinder (34) where is the temperature, is the thermal conductivity of the cylinder, its specific mass, and its specific heat. The values of and are given in Table I . The term in (34) is due to the movement of the cylinder [13] . The heat source distribution produces by eddy-current in the cylinder is given in (28). The temperature field is solved only in the region of the conducting cylinder (region 1). In 2-D cylindrical coordinates, the thermal problem assuming adiabatic boundary condition at the surface of the cylinder and constant initial condition is written as
The thermal problem was solved with 2-D finite-element software (COMSOL). The study has been made only for constant velocity of the cylinder. The eddy-current power loss density is calculated in a first step and the result is stored as the source terms to be used in the heat (35a). Fig. 23 shows the transient temperature profile at the center of the cylinder. The angular speed of the cylinder is fixed at rad/s and the current density in the superconducting winding is fixed at A/mm . Theses values correspond to an average power loss of 200 kW in the cylinder. Because of the adiabatic boundary condition, the temperature rise inside the cylinder is almost linear. The rise time to heat the cylinder from 30 C to 500 C is about two minutes. Fig. 24 shows the temperature distribution inside the cylinder in terms of the radial distance at time s. The results obtained with the FEM have shown that the temperature distribution in the cylinder does not depend of the coordinate. The maximum temperature is C on the surface of the cylinder and the minimum temperature is C at the center of the cylinder, which correspond to a variation of % around the mean value. In that case, the temperature distribution is sufficiently homogeneous inside the cylinder for press-forming operation (the temperature uniformity must be within %). The value of the ratio (where is the skin depth defined in (18)) affects the temperature distribution inside the cylinder. The result shown in Fig. 24 corresponds to a ratio ( rad/s). In order to study the influence of on the temperature distribution, we compare, in Fig. 25 , the results obtained for rad/s and for rad/s, which correspond respectively to and . The current density in the winding has been chosen to obtain the same average losses in the cylinder (200 kW) for the two cases ( A/mm for rad/s and A/mm for rad/s). We can observe that the temperature variation is more important when . In that case, the temperature uniformity is only equal to %. Fig. 26 gives the variation of the temperature uniformity as a function of . As the temperature uniformity must be within % to avoid cracking or local melting during the press forming operation, the value of must satisfy the condition
For cm, this expression corresponds to a maximum speed of rad/s. The choice of the rotating speed (or electrical frequency) depends of the desired average power loss in the cylinder. For an average power of 200 kW (with A/mm ), we must choose rad/s . It is important to keep in mind that the analysis developed in the paper is a simplification of a 3-D problem to a 2-D one. Indeed, we have supposed an infinitely long cylinder whereas the length of the cylinder is finite. The study developed in [14] which takes into account the 3-D effects has shown that the heads of the cylinder is colder than the center. This is due to the fact that the power density induced in the end regions is smaller than in the lateral surface of the cylinder. However, we suppose that the use of low frequency for the induction heater will allow a relatively good homogeneity temperature along the cylinder. We will verify this hypothesis in future work with the development of a 3-D numerical study of the problem.
VII. CONCLUSION
We have presented in this paper an original structure of induction heater for aluminum billets using superconducting windings. With the proposed structure, the billet to be heated is subjected to a high magnitude rotating magnetic field of low frequency. The rotating magnetic field seen by the billet can be obtained by two different ways with the same geometrical structure of the induction heater. Either the billet rotates at constant velocity in magnetic field due to a dc current or the billet is at rest and subjected to a rotating magnetic field produced by two phase superconducting windings. An analytical solution of eddy-current power loss has been developed for a 2 poles configuration and has been validated using finite-element software. The study has shown that the two poles configuration is the best one in terms of heat power transfer. The two poles configuration is also suitable because the heat power transfer is independent of the distance between the billet and the superconducting windings what allows to place the cryostat far from the billet. We also shown that with the use of strong magnetic field of low frequencies (rotating speed or ac current pulsation), the heat power is induced in the heart of the billet and allows to obtain a homogeneous temperature which is good for press-forming of aluminum billet.
